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Analytical technique for the determination
of solidification rates during the inward
freezing of cylinders

R. G. SANTOS, A. GARCIA
Faculty of Engineering, State University of Campinas (UNICAMP), Campinas, SP, Brazil

An analytical/experimental approach which permits the determination of solidification
rates during the inward solidification of cylinders is proposed. The technique is based on
a previous analytical solution that treats the generalized problem of solidification of slabs.

This solution is modified by a geometric correlation to compensate for the cylindrical
geometry. A number of experiments have been carried out with a special experimental
‘set-up, designed to simulate the inward solidification of cylinders in a water-cooled
mould. A series of comparisons of experimental results, numerical predictions and
calculations furnished by the proposed technique were made, showing good agreement

for any case examined.

Nomenclature
a;  Thermal diffusivity of solid metal = kg/cd
(m2sec™).

A;  Internal surface area of the mould (m?).

by  Heat diffusivity of solid metal = (kscsds)'/?
(Im™2sec”¥2K™).

cs  Specific heat of solid metal (J kg™ K™).

ds  Density of solid metal (kgm™).

h Newtonian  heat  transfer

(Wm™2K™).

Latent heat of fusion (Jkg™).

Thermal conductivity of

(Wm™K™).

Heat flux (Wm™).

¥ Radial position (m).

ro  Radius of cylinder (m).

coefficient

aa)

solid metal

Py
»n

£

1. Introduction

Transient heat-transfer problems involving solid/
liquid phase change are important in many engin-
eering applications such as the freezing of food
[1], the formation of polar ice [2], the static and
continuous casting of metals [3—5], welding [6],
and many other operations [7]. The mathematical
treatment of this problem is complicated by a non-
linear boundary condition at the moving interface
and by Newtonian heat transfer at the solid sur-
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r¢  Radius of solid/liquid interface (m).

S Thickness of solidified metal (m).

So  Thickness of metal side adjunct (m).

t Solidification time (sec).

T  Temperature (K).

T;  Surface temperature (K).

T:  Freezing temperature of metal (K).

To Temperature of the coolant (K).

T, Temperature at any point in the solidified
metal (K).

V7 Volume of remaining liquid metal during the
solidification (m®).

Ve, Volume of solidified metal (m?).

Ve Total volume of metal in the mould (m?).

x Distance from metal/mould interface (m).

[ Dimensionless solidification constant.

face, and exact solutions are available for cnly a
few special cases [8—17]. Techniques in which
mathematical approximations are made, can be
divided into analytical [2, 18—24] and numerical
or graphical methods [25—32].

Under unidimensional heat flow conditions and
in the case of a plane solid/liquid interface, the
descriptions afforded by approximate models com-
pare favourably with numerical predictions and
experimental data [33]. However, for cylindrical
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or spherical geometries, the agreement observed
between predictions furnished by the solutions
proposed in the literature is not so good [21]. In
such cases numerical solutions [25—32] have to be
applied, although suffering from lack of generality
and/or simplicity. Experimental data concerning
these geometries are extremely rare in the litera-
ture. This is another point of difficulty when asses-
sing the performance of different models.

The problem considered in this paper, is con-
cerned with the inward solidification of a circular
cylinder initially at the melting temperature with a
coolant fluid outside the cylinder. The aim of the
analysis is to present a new analytical approach to
the problem that permits prediction of the
position of the solid/liquid interface at any time as
a function of the physical and geometric proper-
ties of the system. The evaluation of the proposed
technique is made by comparing experimental
results obtained in this work, with theoretical pre-
dictions furnished by the model and by other
mathematical techniques representative of those
existing in the literature.

2. Analysis

2.1. Theoretical considerations

The development of a mathematical model to de-
scribe solidification of cylinders is complicated by
a number of factors. One of the most problematic
of these is the difficulty of simultaneous treatment
of heat flow through metal and mould by thermal
conduction and across the metal/mould interface
by Newtonian heat transfer. The solidification
problem of a liquid metal at its freezing point
inside a cylinder with coolant outside the cylinder
can be adequately described by the following
equation and boundary conditions:

T k198 {oar
===, np<r<
8t dcrdr (r ar)’ rn<r<r (12
rg =Fo, att =0 (lb)
org k oT
P» i at r=r; (1¢)
T=T; at r=ry (1d)
oT
q = k- =hTi—Ty, r=rg (1e)

ar
A physically realistic description of the problem
involves the solution of Equation la using the

boundary conditions given in Equations 1b to e.
Mathematically exact solutions [8, 34] are limited

to idealized situations mainly because they cannot
incorporate the boundary condition in Equation
le, which is a very strong restriction when
considering a metal/mould system.,

London and Seban [2] proposed an approxi-
mate solution with finite surface conductance (%),
considering a linear temperature distribution over
the solid thickness during solidification. This
approximation gives good results for the analysis
of rate of ice formation, but it is not appropriate
for the solidification of metals. In the last case, the
usual values of metal specific heats give rise to a
curve temperature profile which makes the
approximation inadequate. Analytical iteration
methods can also be used to derive approximate
solutions. Shih and Tsay [21] used the iteration
method of Siegel and Savino [35, 36] to determine
successive solutions for the instantaneous frozen
layer thickness and temperature profile. These
solutions take into account a constant heat trans-
fer coefficient and neglect the heat capacity of the
cylinder.

Tao [31] proposed a generalized numerical
solution of the problem, where thermal conduc-
tivity, heat capacity of the solid phase and heat
transfer coefficients are assumed to be constants.
From this solution, the solid/liquid interface at
any given time and the temperature profile at the
instant of freezing at the centre, can be deter-
mined.

The above mentioned exact and approximate
solution have hitherto been of very limited use due
to their inability to take account respectively of
imperfect thermal contact at the metal/mould
interface, and solid heat capacity. Numerical tech-
niques, on the other hand, can include both par-
ameters and are versatile but have neither general-
ity nor simplicity. A model that could provide a
rapid and simple description of the inward solidi-
fication of a liquid inside a cylinder container
would be of interest in industrial processes such as
continuous casting of metals, freezing of food,
production of ice, etc.

2.2. Model

The model to be discussed and evaluated here will
be based on a previous analytical solution obtained
by one of the present authors for slab-shaped
bodies [16, 17]. In this model a virtual system is
set up, in which the Newtonian resistance is repre-
sented by a pre-existing adjunct of material. The
virtual coordinate system is displaced from the
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real coordinate origin by the thickness of virtual
adjunct introduced, as illustrated in Fig. 1.

The basic assumptions of the model are similar
to those generally assumed when treating the
solidification problem [9]. They are: (a) heat flow
is geometrically unidimensional; (b) Newtonian
interface resistance remains constant throughout
the process; (c) thermal properties are independ-
ent of both position and time; (d) volume changes
due to liquid and solid densities are neglected; (e)
solidification occurs between the two constant
temperatures of melt and coolant. In the virtual
system the Fourier field equation is exactly applic-
able between the appropriate limits:

oT _ k 9°T

o = ol o 0<x' <S8’ (2a)

The following boundary conditions are applicable
to the virtual system:

T=T; at x' =S’ (2b)
T=Tyat x' =0 (2¢)
ds' & ar

——at x' =8 2d

dr'  dH ox’ (2d)

The Newtonian interfacial conductance (%) is

taken into account by making an equivalence of

heat flux between the real and virtual system at
the beginning of solidification:

d
h(Te—To) = k (gg)xs 3)

The solution is obtained in the virtual system and
correlated to the real system by simple relation-

ships, and is completely described by the following
equations
t = aS*+8S 4)

_ (Tf - To) ﬁ + 2ax
I = Tot erf(¢) erf (¢ﬁ + 2aS) )

where

. 1
dap?
Hd,
(T —

(62)

g = ( 2800) (6b)

and ¢ may be obtained by iteration by:

12 2 _ es(Ty — T. _0) - _1_
T exp (67 erf (g) = S (— ]

Q)
For slab-shaped and cylindrical geometries suitable
non-dimensional variables are obtained by writing
h hS
= 8§ = 8
b2 A (¥
Equation 4 can be modified to introduce these
variables, assuming the following dimensionless
form:
t* = —8*2+ H*S* 9
7 ©)
where
H

HY = ————— (10)

c(Ty — To)
In order to make possible comparison between the
two geometries (see Fig. 2), it is convenient to
define a correlation parameter which takes into
account the volume of solidifying material and the
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surface of heat exchange between material and

coolant. That is
a a1
St ==
Ay s
for slabs .
2_ .2 h
and _I./_S. = M_ (12)
Aif, 2roks

for cylinders.

Experimental evidence (see next section) has
shown that the total solidification time of a cylin-
der is two times bigger than the corresponding
time for the slab for the same value of ¥ /4;. By
comparing a cylinder of radius ro, with a slab of
thickeness § =rg, and utilizing Equations 11 and
12, it follows that:

(Vs/Ai): — S
(V/Ae  (5—rD/2ro

and at the end of solidification (S = ro, r; = 0), we
have (Vy/A)d(V/AD% = 2. This suggests that the
above geometric correlation could be, in principle,
a way to find a modifying factor to be applied in
Equation 9 in order to enable this equation to
cover the solidification of cylinders. On the other
hand, it is known that differences in solidification
times for the two geometries are small in the
beginning of the process increasing up to the limit-
ing value given by Equation 13 at the end of
solidification. The variation from zero to this
maximum value must be related to the volumes of
solidified material and remaining liquid during the
solidification process. For a slab of total thickness
S =rp, the ratio between volume of liquid and
total volume of material in each time, is given by

(13)

" (ro—S)
— = — (14)
Ve Fo
s
COOLANT MOULD SOLID LIQUID
FLUID MF_TAL METAL
e
/// /
I A

o
@»
x

{a) SLAB SHAPED MOULD

and for cylinders

(Vl) _ (Vf)2
Vr/, T'o

Equation 15 provides values ranging from one at
the beginning of solidification (r¢ = ro) up to zero
at the end of the process (r; = 0), taking into
account the decreasing volume to be solidified
towards the centre of the cylinder. We can now
define a test correction function based on a com-

bination of Equation 13 evaluated at the end of
solidification and Equation 15, given by:

Nzl

Fig. 3 shows the variation of the above function,
for the slab-shaped and cylindrical geometries.
Assuming that the function given by Equation 16
makes possible correction of solidification times
of analogous slabs to cylinders, as it does at the
beginning and end of solidification, we can write:

=] - )

ro) ||40°\ 4/, 4],
an
which gives the solidification time as a function of
(Vi/A)" defined by Equation 12. The rate of

solidification can be derived from Equation 17 and
is given by:

(15)

(16)

! LIQUID METAL

| COOLANT FLUID

(b} CYLINDRICAL

MOULD

Figure 2 Schematic illustration of the solidification in slab-shaped and cylindrical mouids.
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Figure 3 Variation of the function ¢ =
— Cylindrical Geometry

[2 —(r¢/r,)?] for slab-shaped and cylin-
== Slab Shaped Geometry drical moulds.
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HEATING
ELEMENT

FURNACE
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SYSTEM

INLET AND QUTLET PIPES
OF COOLING FLUID

Figure 4 Experimental set-up
used to simulate the inward
solidification of a cylinder.
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Figure 5 Macrostructure of a lead ingot showing the
curvature of the solid/liquid interface due to a sudden
change of solidification rate.

AN AV = AT A
o= e () +alZ)

2 -1
Te 204V, N
+12—|—= — | =+ H"C 18
(70> :|{4¢2 (_Ai 1 ( )
where N 2
C, = ;C_; and C, = BZ (19)

3. Experimental details and discussion

The experimental examination of the inward
solidification of cylinders was made by freezing
aluminium, tin and lead against a water-cooled
chill. The experimental set-up, shown in Fig. 4,
was designed in order to simulate the inward
solidification of a cylinder by detaching a volume
element to represent the metal thermal behaviour.
The curvature of the solid/liquid interface was
checked by changing suddenly the cooling
efficiency. Fig. 5 presents the macrostructure of a

lead ingot showing the interface at the point where
growth conditions were changed.

The position of the freezing front was moni-
tored via the output of five fine thermocouples
located respectively at 1, 5, 15, 30 and 40mm
from the metal/mould interface. A precision dip-
stick arrangement was also used to obtain informa-
tion about the thickness. Repeated experiments
showed that with thickness measurements accurate
to £ 1.0 mm the measured times were reproducible
to £2.0%. The dipstick measurements checked
with temperature readings presented a maximum
differencé\of 3.0%. Thermal measurements were
also used to check difference of temperature along
the melt. A maximum difference of about 1% of
the melting point, was verified at 40 mm from the
metal/mould interface for the case of aluminium
solidified with a polished heat extracting surface.

The metal/mould conductance, characterized
by the heat transfer coefficient, depends for a
given metal/mould combination on the condition
of mould surface. The heat flux between metal
and mould is thus sensitive to mould surface
microgeometry, the presence of mould coatings,
etc. To investigate such influence, experiments
were carried out under two sets of thermal contact
conditions at the metal/mould interface: polished
and coated with a thin layer of alumina
(~100 um). The values of heat transfer coef-
ficients for each case were found by manipulation
of growth data, as proposed in a previous article
by one of the present authors [37]. The technique
is based on the fact that at the beginning of
solidification (in the limit S — 0), heat flow and
the kinetics of interface advance must in all cases
be interface dominated. It is simply shown that in
this regime the following equation must be applic-
able:

t Hd

S W(T:—To (20)

The value of & obtained in this way will be that
operative at the beginning of freezing. However for
a vertical experimental configuration the inter-
facial heat transfer coefficient tends to remain un-
changed during solidification, as the weight of the
casting makes the contact pressure remain approxi-
mately constant. A best-fit iteration of growth
data with numerical predictions was employed to
evaluate heat transfer coefficients in order to com-
pare them with measured values. Differences were
never greater than = 5% of the experimental value.
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o Figure 12 The dependence of
He Qo9 v 2 3 5 b 5 thickness solidified on time
10 given by Equation 17 for a
range of dimensionless latent
- heat (H*).
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These differences introduce only minor errors
when assessing the performance of different theo-
retical approaches.

Figs. from 6 to 11 show the experimental
results obtained during the solidification of cylin-
ders of aluminium, lead and tin (radius 0.15m)
respectively, converted to the dimensionless form
by employing the appropriate value of the heat
transfer coefficient. These are compared with the
curves representing the predictions of the proposed
technique. It can be seen that in any case
examined predictions are close to the experimental
curves. Fig. 12 shows a family of curves, given by
Equation 17, where the dependence of thickness
solidified on time is presented for a range of
dimensionless latent heat values (H™).

To assess the performance of the proposed
model in comparison to the techniques existing in
the literature, a comparison of predictions of dif-
ferent models is made in Figs. 13 and 14. This
includes numerical and approximate treatments as
well as the classical London and Seban analytical
solution. It can be seen that the agreement
observed between the numerical and proposed
model is quite good over the range of conditions
examined. The approximate solutioff by Shih and
Tsay [21] presents only partial good agreement
with experiment, and have a tendency to over-

estimate the time in the last third of the solidifica-
tion process. The London and Seban [2] solution,
as expected, does not furnish good predictions,
because to neglect the heat capacity is a very
strong restriction in the case of solidification of
metals.

The proposed model can also be used to deter-
mine the rate of solidification. Fig. 15 presents
predictions given by Equation 18, in comparison
with experimental results for different metals,
where good agreement is observed. A comparison
can be made of the behaviour of different metals
during solidification, by using Equation 18 on
similar solidification conditions (Fig. 16).

4. Conclusions

A new technique describing the inward solidifica-
tion of cylinders has been examined in particular
and generalized cases. The generality of applica-
tion of the model has been confirmed by compari-
son with the predictions of a finite difference
numerical model. The proposed technique emerges
as a useful tool in providing a rapid and simple de-
scription of the kinetics of freezing of cylinders
for cases where thermal resistance of metal and
metal/mould interface are of significance (mixed
thermal control). The comparisons presented here
have confirmed that a degree of confidence may
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Figure 13 Comparison between proposed model (Equation 17) and a finite difference numerical model.

be placed in the predictions of the model under
these circumstances. The technique has also
proved to be useful in the determination of the
rate of solidification of cylinders, with important
consequences for the solidification structure and
segregation aspects.
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